In recent years application of a discrete wavelet transform (DWT) has become an established tool for the design of preconditioners for smooth and dense matrices, such as those that arise in the solution of certain differential equations. Daubechies orthogonal wavelet filters can be used as preconditioners in numerical techniques. For differential equations, finite element or finite difference methods lead to matrices that are already shown to be sparse, but they tend to be ill-conditioned. Daubechies orthogonal wavelet filters gives sparse matrix with low condition number for finite difference methods. In this paper, a new Daubechies orthogonal discrete wavelet transform with permutation preconditioner thresholding and diagonal matrix M method to solve elastohydrodynamic lubrication (EHL) problems is presented. Simple band preconditioners and sparse preconditioners based on standard DWT have been found to be of limited for EHL problems, since they may be singular, give poor convergence or be expensive to apply. Proposed new method for preconditioner design is based on detecting nonsmooth diagonal bands within or otherwise smooth matrix and applying a non-standard orthogonal discrete wavelet transform with permutation preconditioner diagonal matrix M to compress the part of the matrix away from the band. Illustrative examples are included to demonstrate the validity and applicability of the proposed method.
Introduction
Elastohydrodynamic lubrication is one of the important fields in tribology. It is a form of fluid film lubrication where the elastic deformation of the contacting surface, under heavy load plays the dominant role. The most common types of such bearings are contacting surfaces with low geometric conformity where the load is concentrated in a small region. These are rolling bearings, gears, cams, synovial joints and others. The deformation of the bearing surface results in changing the geometry of the lubricanting film which is coupled with the changes in pressure developed. Salient features of EHL are presented by Dowson and Higginson (1966) . The pioneering work of Leeds group (Dowson, Higginson and their associates) and also that of Netherland (Lubrecht, Venner and their associates) and the work of many dedicated researchers on EHL has inspiring history. The appearance of sharp pressure peak, the second maximum pressure (the Petruservish spike (1951)) near the outlet and corresponding dip in film thickness, is of special interest in EHL due to its profound impact on lubrication of bearings. The review by Lugt and Morales-Espejel (2011) presents current activities, listing various methods used in the analysis, and envisages the useful future developments in EHL. The Mathematical model consists of Reynolds equation for the pressure distribution, integral equation for surface deformation, force balance equation with applied load, pressure dependent density and viscosity of the lubricant. These equations are considered together with appropriate boundary conditions Ping (2013) . Finite difference, Finite element, Newton's methods and other adhoc methods are common for the solution of line as well as point contact EHL problems (Lubrecht, 1987; Venner, 2000) .
The necessity of robust numerical schemes for the solution of nonlinear algebraic system of equations, resulting from discretizing the model equations is ubiquitous throughout computational fluid dynamics. In this process, we find emergence of novel schemes such as multigrid methods, Krylov subspace iterative methods, various forms of Newton's methods and other adhoc methods in EHL. Multigrid methods were initially designed for the solution of discretized elliptic PDE and were extended later to problems modeled by other types of PDE including nonlinear equations (Bujurke et al., 2006; Briggs et al., 2000) . These methods are independent of mesh size and avail nature of the problems. On the other hand preconditioned Krylov subspace methods are problem independent and are of more general nature. As asserted by Saad (1996) , it is difficult to decide, in general, the relative merits of the methods since it involves many other factors such as cost of coding effort, practical considerations, industrial requirements etc.
The ill-conditioned matrices arising in the solution of system of algebraic equations limit the application of even more powerful schemes of Krylov subspace methods. The suitable remedy is preconditioning of such matrices. Classical preconditioners are ILU (0), approximate inverse preconditioner and others. But there are large class of matrices (Matrix market (2007) ) occurring in the modelling of problems of interest, which are not amenable to even to these latest non stationary iterative schemes with classical preconditioners for their solutions. Zargari et al. (2007) used versatile code from Kinsol in analyzing EHL line contact problems. They find decoupled scheme, one of the methods used, not yielding converging solution for some set of physical parameters. Wavelet based preconditioners provide some remedy in such challenging cases. Chen (2005) highlights very effectively the construction and implementation of various wavelet based preconditioners for the solution of large class of ill-conditioned system. In EHL an appeal to such schemes has resulted into the construction of suitable wavelet based preconditioners (Ford (2001) ). The dense and diagonal singular structure of the Jacobian demands more sophisticated iteration schemes and the methods of choice are from Krylov subspaces. The linear system is b x A  , if A is symmetric and positive definite then the conjugate gradient (CG) works well whereas for non-symmetric and other equations generalized minimum residual (GMRES) can be used (Saad, 1986; Kelley, 1995) . As the Jacobian is full, in EHL problems, the convergence of the iteration is not guaranteed and takes large number of iteration if it converges. It is essential to find effective preconditioners. The Jacobian matrices in EHL are dense with non-smooth diagonal and smooth away from the diagonal band. This smoothness of the matrix transforms into smallness in wavelet transform and facilitates in the design or construction of efficient preconditioners using DWT, DWT with permutation (DWTPer) and DWTPer modified (DWTPerMod) are designed and implemented by Chen (1999) and Ford (2002) .
In this paper, the new Daubechies orthogonal DWTPer and diagonal Preconditioner matrix M method will be introduced for the numerical solution of EHL Problems with line contact. In this proposed method we extend the ideas of Chen (1999) and Ford (2002) to enable preconditioners to be designed for such matrices. This paper is arranged as follows: In Section 2, the properties of Daubechies wavelet, the way to construct the Daubechies wavelet and its technique for EHL problems are described. Daubechies orthogonal DWTPer Thresholding method (DWTPerTM) and DWTPer Diagonal Matrix M method (DWTPerDM) is given in section 3. The method of implementation is given in section 4, proposed method is applied to some of EHL problems, and a comparison is made with the existing GMRES and DWTPerTM solutions that were reported in other published works in the literature. Finally, we give a brief conclusion in section 5.
Properties of Daubechies Wavelet
Wavelets are functions generated from one single function called the mother wavelet by the simple operations of dilation and translation. A mother wavelet gives rise to a decomposition of the Hilbert space 2 (R) L , into a direct sum of closed subspaces ,Z j Wj  , Daubechies (1992) . 
Then every 2 (R) fL  has a unique decomposition
These closed subspaces
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is a basis of 0 V , and by setting
it follows that, for each Z j  , the family
is also a basis of j V .
Then, since
V , there exists a unique sequence k a that describes the following "two-scale relation":
of the scaling function  . Different choices for  may yield different multiresolution analyses, and the most useful scaling functions are those that have compact support. As an example of multiresolution analysis, a family of orthogonal Daubechies wavelets with compact support has been constructed by Daubechies (1992) . A wavelet basis is orthonormal if any two translated or dilated wavelets satisfy the condition , ,
where  is the Kronecker Delta function. Each wavelet family is governed by a set of N (an even integer) coefficients
Based on the scaling function () N x  , the mother wavelet can be written as,
Since the wavelets are orthonormal to the scaling basis the coefficients of the scaling function and the mother wavelet for the two-scale equation are related by:
In her work, Daubechies (1988) found and exploited the link between vanishing moments of the wavelet  and regularity of wavelet and scaling functions,  and  . The wavelet function  has K vanishing moments if
and a necessary and sufficient condition for this to hold is that integer translates of the scaling function  exactly interpolate polynomials of degree up to K. That is, for each k, 0 kK  there exists constants l c such that
Daubechies introduced 
Solving Eqn. (15) we get the scaling function coefficients k a . If N = 6, we say we have 6 degrees of freedom. Out of these 6, three (50%) degree of freedom will go for constraints on orthogonality.
Remaining degree of freedom can be used at our will. What Daubechies did was that, the remaining degree of freedom was fully utilized on constraints on smoothness. For N = 4 we have the following constraints, Constraint type: Constraints on coefficients: Normalization
We have written five constraints. However it can be easily shown that the square normalization condition can be obtained from the normalization, orthonormality and k = 0 condition. So effectively there are only four constraints. This can be easily solved using MATLAB solver. There are two solutions, the same up to a permutation but it is conventional to take the second of these:
Once we obtain coefficients { h ( k )} , we can find { g ( k ) } . Just reverse the coefficients and change the sign at the alternate positions. Chen (1999) proposed the DWTPer as an alternative way of avoiding the creation of finger pattern matrices. This is implemented by performing a standard DWT followed by a permutation of the rows and columns of the matrix to centre the fingers about the leading diagonal. 
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Consider the second order nonlinear differential equation of the form
Finite difference discretization of Eqn. (16) gives the system of nonlinear algebraic equations, 12 ( , , . . . , ) 0, 1
where 2 j n  , n is the number of grid points and j is the level of resolution.
Nonlinear linear system of Eqn. (17) can be solved using Newton's method as follows,
Eqn. (19) reduces to the linear system of equations, AU B 
where 
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A U B  (22) j th level: At the coarsest level gives Eqn. (22), 
Method of Implementation
We applied the method presented in this paper to solve various EHL problems with line contact, 
The dimensionless boundary conditions are 
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At the coarsest level we have two cases as follows, Case (i): From Eqn. (35) and using Eqn. (24), we obtain the DWTPerTM, i.e., Table 1 , for higher value of n=256 are presented in Figure 1 and the residual errors are given in Table 2 and Figure 2. Test problem 4.2. Next, consider the Reynolds equation of EHL with line contact, Zargari et al. (2007) , . The boundary conditions are given as follows.
The domain of the problem is from the inlet Xa to the cavitation point Xb. Boundary conditions of zero pressure are imposed at Xa and Xb. The nondimensional Film Thickness equation is given, in integral form as
where 00 H is the central offset film thickness, the second term defines the undeformed contact shape and the integral term represents the elastic deformation of the contact. The nondimensional Force Balance equation, given by
represents the balance between the applied load and the total internal pressure in the lubricant. The nondimensional form for viscosity () P  , which was established by Roelands (1996) , and density () P  , which was presented by Dowson and Higginson (1966) 
where z=0.6 is the viscosity index, α=2.165e-8 is the pressure viscosity index, p0=1.98e+8 is the ambient pressure and ph=1.8427e+9 is the maximum Hertzian pressure. The three non-dimensional physical parameters that characterise the line contact problem are velocity (V), load force (W) and elasticity (G) Dowson and Higginson (1966 
where
The film thickness equation approximated at i X on the regular grid is given by
Use boundary condition given in Eqn. (39), we take all together Eqns. (43), (44) and (46) 
and finally, to apply DWTPer j th level i.e., 
The solution of GEHL line contact to solve following cases, If 2 r  , Eqn. (61) reduces to 
Conclusions
We know that, the choice of preconditioners is always important in determining the conditioning of the linear equations and hence the stability of the calculation. Daubechies orthogonal wavelet filters can be used as preconditioners for finite difference methods. If we just do this at one level, they have no particular advantage over other types of filters. Their real power lies in the multiresolution approach. For differential equations, finite element or finite difference matrices are already sparse, but they tend to be ill-conditioned. Wavelet decomposition increases the bandwidth of the matrices, but they are still sparse. It has been found that after decomposition the coefficients at each level can be scaled by an appropriate constant to improve the conditioning of the matrix. This is called as multilevel or hierarchical preconditioning. It will speed up iterative algorithms. Therefore we used scaling function projection with Daubechies wavelet to obtain orthogonal and orthonormal basis, which is very useful for projection methods, since an orthogonal and orthonormal basis has the advantage that it guarantees the stability of the matrix equations in finite difference method. We have developed a new Daubechies orthogonal discrete wavelet transform with permutation preconditioner thresholding and diagonal matrix M method to solve EHL problems. DWTPerDM is one of the best preconditioners (based on a non-standard wavelet transform with permutation) that gives good performance when used as a preconditioner of the Jacobian matrices for the EHL line contact problems, yielding considerable results when compared with GMRES. Unlike band-andborder preconditioners, which have been used previously in this context, the choice of preconditioner matrix is determined at the coarsest level by thresholding matrix M or diagonal Matrix M. DWTPerDM is the efficient preconditioner which has been justified in this paper for the analysis of EHL problems. The computations confirm this method to be equally reliable and attractive alternatives to more established methods used in EHL problems with great success.
